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Abstract 

We show that, for a sheet or a Lusztig stratum S containing spherical 
conjugacy classes in a connected reductive algebraic group G over an alge¬ 
braically closed field in good characteristic, the orbit space S/G is isomor¬ 
phic to the quotient of an affine subvariefy of G modulo fhe acfion of a finife 
abelian 2-group. The affine subvariefy is a closed subsef of a Bruhaf double 
cosef and fhe abelian group is a finife subgroup of a maximal forus of G. We 
show fhaf sheefs of spherical conjugacy classes in a simple group are always 
smoofh and we lisf which sfrafa confaining spherical classes are smoofh. 


1 Introduction 

In [17], it is shown that the orbit space of a sheet S of adjoint orbits in a complex 
Lie algebra has the structure of a geometric quotient which is isomorphic to an 
affine variety modulo the action of a finite group. The affine variety is the inter¬ 
section of S with the Slodowy slice of a nilpotent element e in S, and the finite 
group is the component group of the centralizer of e. An algebraic proof of this 
result was obtained by Im Hof [15], who proved that sheets in complex Lie al¬ 
gebras of classical type are all smooth, by showing that S is smoothly equivalent 
to its intersection with the Slodowy slice. In addition, Katsylo’s quotient is iso¬ 
morphic to the connected component of Alexeev-Brion invariant Hilbert scheme 
containing the closure of the nilpotent orbit G ■ e [16]. Katsylo’s theorem has also 
been applied to the study of one-dimensional representations of finite IL-algebras 
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[18, 23], which is related to the problem of determining the minimal dimensional 
modules for restricted Lie algebras. In this context, it has been shown in [24] that 
the space of 1-dimensional representations of the finite hL-algebra associated with 
a nilpotent element e in a classical Lie algebra is isomorphic to an affine space if 
and only if e lies in a single sheet. The latter condition is equivalent to say that the 
union of the sheets passing through e is a smooth variety. Our goal is to provide 
an analogue of Katsylo’s theorem for sheets of conjugacy classes in a reductive 
algebraic group G over an algebraically closed field of good characteristic. Since 
sheets are the irreducible components of the parts in Lusztig’s partition [20] called 
strata, the theorem will give an analogue for strata as well. As strata should be seen 
as the group analogue of the union of sheets passing through a nilpotent element 
e, used in [24], we expect that their geometry will have relevance in representation 
theory of quantum groups at the roots of unity. 

We prove a Katsylo theorem in the case that the sheet (or stratum) in question 
contains (hence consists of) spherical conjugacy classes, that is, classes having a 
dense orbit for a Borel subgroup B of G. Strata, and therefore sheets, of conjugacy 
classes in a reductive algebraic group do not necessarily contain unipotent classes, 
so the analogue of Katsylo’s theorem cannot be straightforward. A group analogue 
for Slodowy slices has been introduced in [25]. In analogy to Steinberg’s cross 
section, these slices depend on a conjugacy class in the Weyl group W of G. 
The construction of these slices requires a suitable choice of positive roots in the 
root system of G which depends on the class of the element in W. Although 
the transversality result in [25] is stated in characteristic zero, the proof holds 
in arbitrary characteristic. When w E W acts without fixed points, a section 
analogous to the one in [25] was given in [14], which contains a generalization of 
Steinberg cross section theorem in this case. 

To our aim, we exploit Sevostyanov’s result together with the well-understood 
behaviour of spherical conjugacy classes with respect to the Bruhat decomposi¬ 
tion. We replace the Slodowy slice by a suitable subset of a Bruhat double 
coset BwB, depending on the stratum, such that its intersection with each given 
sheet in the stratum coincides (up to conjugation) with the intersection of the sheet 
with Sevostyanov’s slice. Since for spherical conjugacy classes the intersection 
with this double coset is precisely the dense 5-orbit, we show that the intersec¬ 
tion of Sw with each conjugacy class is a single orbit for a finite 2-subgroup of a 
fixed maximal torus T. 

Thanks to Sevostyanov’s transversality result, a sheet S of spherical classes is 
smooth if and only if is so, and similarly for strata. This result is applied in 

Section 4 where we obtain the second main result of this paper: sheets containing 
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a spherical class in simple groups are all smooth. As a consequence, we classify 
smooth strata of spherical classes in simple groups. 


2 Notation 

Unless otherwise stated, G is a connected, reductive algebraic group over an alge¬ 
braically closed field k of good characteristic, i.e., not bad for any simple compo¬ 
nent of [G, G]. 

Let T be a fixed maximal torus of G and let $ be the associated root system. 
The Weyl group of G will be denoted by W . The centralizer of an element x E G 
in a subgroup H of G will be denoted by and its identity component will be 
denoted by H^°. Let G act regularly on an irreducible variety X. For n > 0, we 
shall denote by the locally closed subset = {x E X \ dimG • x = n}. 
For a subset Y C X, if m is the maximum integer n for which Y fl X(„) ^ 0, the 
open subset X(m) H Y will be denoted by A sheet for the action of G on X 
is an irreducible component of some X(„). We will investigate the case in which 
X = G and the action is by conjugation. Let, for an element g E G, g = su he 
its Jordan decomposition. It has been shown in [7] that for any sheet S there is a 
unique Jordan class J = J{su) = G ■ ((Z(G*°)°s)^®^m) such that S = As a 
set, 

IJ G ■ {zslnd^irG^° ■ u) (2.1) 

zeZ(G‘>°)° 

where s and u are as above and Ind is as in [21]. 

Sheets of conjugacy classes are the irreducible components of the parts, called 
strata, of a partition defined in [20] as fibers of a map involving Springer corre¬ 
spondence, [5]. 

For a Borel subgroup B D T with unipotent radical U and a conjugacy class 
O (a sheet S, respectively) in G, let wq (ws, respectively) be the unique element 
in W such that O fl BwqB is dense in G (S' fl BwgB is dense in S, respectively). 
If a sheet S contains a spherical conjugacy class then ws = wq for every O C S, 
[5, Proposition 5.3]. In addition, it follows from [5, Theorem 5.8] that ws is 
constant along strata containing spherical classes. The element wq is always an 
involution and it is maximum in its conjugacy class with respect to the Bruhat 
ordering ([8, 6]). 

The conjugacy classes of wq and ws in W are independent of the choice of a 
Borel subgroup containing T. Thus, the map O i-4 wo determines a map (p from 
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the set of conjugacy classes in G to the set of conjugacy classes of involutions in 

W. 

For w an involution in W, let T"' ;= {t G T | w{t) = t}, and : = 

{t G T I w{t) = Then T = (T^)°(T^)° and Sw ■= n T“ is an 

elementary abelian 2-group. For any choice of a Borel subgroup B containing 
T with unipotent radical U, a longest element Wq E W h determined. We set 

f/"' := f/ n w~^WqUwq^w and := f/ fl w~^Uw. 

3 Spherical classes and Bruhat decomposition 

In this Section we prove a Katsylo Theorem for sheets containing spherical con¬ 
jugacy classes. We will make use of the following general results. 

Lemma 3.1 ([15, Lemma 2.13])Let A,B,C be varieties, let rj: A ^ B be a 
smooth and surjective morphism and let 9: B ^ C be a set-theoretic map such 
that Op: A ^ C is a morphism. Then 9 is a morphism. 


□ 

Lemma 3.2 Let X be a G-variety and assume that there is an ajfine closed subset 
S C X with an action of a finite group T such that the following properties hold: 

1. for every G-orbit O ofX the set T, AO is a V-orbit; 

2. the natural map p: G x T, ^ X is smooth and surjective. 

Then, X/G exists and it is isomorphic to S/F. 

Proof. Define the map ^: X —)■ S/F set theoretically sending an element x G 
X to G • a; n S. We note that ipp: G x S —)■ S/F is the composition of the 
natural projection on the second factor followed by the projection to the quotient. 
Therefore Lemma 3.1 applies with A = G x T,, B = X, G = T^IV p = p 
and 6* = ^, so ^ is a morphism. Since p is surjective E meets all the G-orbits 
in X. The map f is universally submersive because its restriction to S is the 
canonical universal quotient map vr which is universally submersive [22, Theorem 
1.1]. We now prove that for any open subset V C S/F we have Gs/r(l^) — 
Ox(f’~^(V))^- It is enough to prove it for V affine. For / a morphism, let 
f* be the map induced by / on regular functions. Note that ip* embeds k\y] 
into k[f~^{y)]^. Furthermore, if i is the inclusion of S in X, then l* induces 
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an embedding of k[^p~^{V)]^ into k[K~^{Vyf ■ Since tt* = i* o induces an 
isomorphism/c[V^] ~ A;[7r“^(V^)]'", also induces an isomorphism~ 
k[K~^{Vyf, hence induces an isomorphism k\y] ~ k[^~^{V)]^. □ 

Let tu be a representative of tu E fL in iV(T) and let i? be a Borel subgroup 
B containing T and with unipotent radical U. We define := wT'^U'^. 

Lemma 3.3 Let S be either a sheet or a stratum consisting of spherical conjugacy 
classes. Then S fl Syjg is a closed subset ofG. 

Proof. We show that S = S By the dimension formula in [2, 3, 19, 9, 
5] we have S C G(^m) where M = i{ws) + rk(l - ws) and S' \ S' C Um<M 
[7, Proposition 5.1],[5, Theorem 2.1]. If for some class C> in G and some w eW 
there holds O fl BwB 0 then dim (9 > i{w) + rk(l — w), [2, Theorem 5]. 
Hence, if G C 5 \ 5 then OnS^.cOn BwsB = 0. □ 

Let us briefly recall the construction of the closed subset of G defined in 
[25, p.l890], in the case in which w E W is an involution. Let {ni, ..., be a 
basis of the (—l)-eigenspace of w in the real span 1)® of the co-roots in the Cartan 
subalgebra P) and let 'll = <h fl 1)^. Up to rescaling the vfs by a positive real scalar, 
we can construct a set of positive roots satisfying the following rules: fl 'L 

is defined freely. For i maximal satisfying {f3, Vi) 7 ^ 0, we have E if and 
only if I3{vi) > 0. 

Since w{vi) = —Vi for every i, there holds $+ \ = {a G $+ | w{a) E 

—$+}. In other words, with respect to the constructed choice of positive roots, w 
has maximal possible length. In addition, \ \k) = (—$+) \ H'. Let U be the 
subgroup generated by the root subgroups corresponding to roots in $+ and let 
B ;= TU. 

Let w be the unique representative of w such that wa;Q(l)w“^ = Xwa{i) ([H, 
Theorem 5.4.2]), let L be the Levi subgroup of a parabolic subgroup of G contain¬ 
ing T and with root system 'L, and let be the unipotent radical of the parabolic 
subgroup of G containing all root subgroups associated with roots in (—$+) \ 'L. 
Then wP“w“^ = U^. Sevostyanov’s slice in this case is the closed subset 

:= P“L"w = P“wL" = wU“L" = wL"U“. 

Lemma 3.4 Let w E W with = 1 and let w be a representative in N(T). IfO 
is a conjugacy class in G such that O fl BwB 7 ^ 0 then O fl w(T^)°U 7 ^ 0. 
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Proof. Clearly OnwTU ^ 0. Leix = wt^t'^u G (T^)°(T“)°17. Conjugation by 
s G {Tyj)° yields ws~Hyjt'^u' G O. Since the square map on {T^)° is onto, there 
exists s G (T^)° such that = tw, whence the statement. □ 

Lemma 3.5 Let S be a stratum or a sheet containing a spherical conjugacy class 
O. Let w G <p{0). For B, U, w and L as in the construction of Sevostyanov’s 
slice and = wT"'U“, = wL^'U"' we have 

O' n 5^ = O' n ^ 0 


for every class O' C S. 

Proof. Let A+be the set of simple roots associated with $+ andletll ;= A+n()’^. 
With respect to the given choice of $+ the element w is of maximal length in 
p{0). Hence, it is equal to ws with respect to the choice of B. Therefore O'flwB 
0 for every O' C S and, by Lemma 3.4, O' fl wT"'U 7 ^ 0. By [3], we have 
w = wqWu, for wu the longest element in the parabolic subgroup Wn of W. Then 
L is the standard Levi subgroup of the standard parabolic subgroup Pn associated 
with If; Uu, ;= Ui = B n L, and U“ = P^. 

We have := wT^U“’ C wL''U“ = so S' fl 0 ^, C S' fl S^. Conversely, 
let X = wlu G S' n wL”U“’. Then I G BaB for some a G ITn. Since i{woWuO') = 
i{wown)+iio') for every a G ITn, we have a; G BtuaBnS'. Maximality of ^5 = w 
among all r in VC such that S'fli^ri? 7^ 0 forces a = 1 . Hence, / G BflL” = T"’Uu, 
and S' n C wT"'U. Let O' C S and let y = vstu G wTO fl O'. By [3, 
Lemmata 4.6, 4.7, 4.8] the only root subgroups occurring in the expression of u 
are orthogonal to If. Hence they lie in U“’ and 0 7^ O' fl viT'^U = O' fl wT“’U“ = 
O' n = O' n s^. □ 

Remark 3.6 The results contained in [3] and needed in the proof of Lemma 3.3 
refer to characteristic zero or odd and good. However the proofs of Lemmata 4.6, 
4.7, 4.8 and Theorems 2.7 and 4.4 therein are still valid for groups of type An in 
characteristic 2 because also in this case spherical conjugacy classes meet only 
Bruhat cells corresponding to involutions in the Weyl group. This follows from [9, 
Theorem 3.4] for unipotent classes and, in the general case, from results in [10]. 


Let, for an involution tu G VL 

:= {t G (T^)° I G T"'} = {t G I G 
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Theorem 3.7 Let S be a stratum or a sheet containing a spherical conjugacy 
class O. Let w G ^{O). Then S'/G ~ (S' fl Su,)/r^. 

Proof. We apply Lemma 3.2 with X = S', S = S' fl and F = 

By Lemmata 3.3 and 3.5 the set S is affine and closed in S'. The action of F^, 
by conjugation preserves hence it preserves S. 

Let be a conjugacy class in S', we consider n S = G n wT^’U c BwB. 
Since O is spherical and w = ws = wo, the set 0 7 ^ fl BwB is the dense B-orbit 
in O by [2, Theorem 5]. Therefore, for any x = ^txUx, y = ytyUy G G fi S 
there is 6 = uvsqSi G U“’U^(T"')°(T^t,)° such that uvsqSiwIxUx = wtyUyUvsoSi. 
Since nsoSiw G wTU, uniqueness of the Bruhat decomposition U^'tuTU forces 
u = 1, so b = vsqSi G U^t,(T"')°(T^^,)°. In addition, centralizes all 

elements in S' fl wT’"U’", [3, Lemmata 4.6, 4.7, 4.9] so y = bxb~^ = that 

is, \>is^^txUx = \}tySi{s^^UySi). This implies that sf = G T"' so Si G F^^,. 

The map G x —)■ G is smooth by [25, Proposition 2.3]. The pull-back of 

this map along the inclusion S' —)■ G is the map p, and [13, Theorem III lO.I] 
applies. □ 


Theorem 3.8 Let S be a stratum or a sheet containing a spherical conjugacy 
class O. Let B = TU be a Borel subgroup of G, corresponding to a system of 
positive roots and a set of simple roots A. Then, for any representative ws of 
Ws we have 

S/Gcs{SnS^,)/T^^. 

Proof. If i? = B, and ws = vi as in the construction of Sevostyanov’s slice, this is 
Theorem 3.7 in force of Lemma 3.5. 

Let us assume that A 4 . 7 ^ A and let a G IL such that a A = A+. Then, 
w'g := awscr^^ is the maximum with respect to the Bruhat ordering determined 
by A+, i.e., Bw'gB fl S' is dense in S'. Let a G A(T) be a representative of a. Then 
= T^'s and aU'^^a~^ = U“’s. In addition awsd'~^ G \i'g{T^^)°{Txug)°, 
where w'g is the representative needed for Sevostyanov’s construction. Up to mul¬ 
tiplying cr by a suitable element in {T^g)°, we can make sure that awsd'~^ G 
SO dwsT^^U'^^d~^ = w' 5 ,(T"'®)°U“’s. So, conjugation by d maps 
S' n Sws isomorphically onto S' fl WgT’"sU“s = S' fl by Lemma 3.5. A di¬ 
rect verification shows that dF^gd”^ = F^,/, whence the statement follows from 
Theorem 3.7. □ 
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4 Smoothness of sheets of spherical classes 

In this section we detect when S is smooth, for S a sheet or a stratum of spherical 
classes in a simple group G. By [7, Remark 3.4, Proposition 5.1] it is enough to 
consider a representative for each isogeny class of G. For G of classical type we 
will use the standard matrix groups. For G of exceptional type we shall always 
consider the simply-connected group. We will use the classification of spherical 
conjugacy classes in [4], from which all we have adopted all unexplained notation. 

Arguing as in [15], see also [1, Proposition 3.9 (iii)], we conclude that S is 
smooth if and only if S' fl 5^ is so. We analyze smoothness of the latter. In order 
to do so, we recall some information contained in [3, Lemmata 4.6, 4.7, 4.8] and 
Remark 3.6 about this intersection. 

Let ws = WoWn be the Weyl group element associated with S. Then ws{o:) = 
a for every a G 11. Let liis be a representative of ws such that wsXa{^)wg^ = 
XaiO foi' every i & k and every a G <Fn- Let 67 be a class in S. If wstv G 
OnwsTU then v lies in := n/ 3 G$+ wsi3=-i3 ^4’ where is the root subgroup 
associated with (3. and wst commutes with Xa for every a G ZU fl $. Therefore 
SnS^,Cws(Z(Ln)nT^^)Vs. 

We will make use of the following observation. 

Proposition 4.1 Let G be a simple algebraic group and let S = J(su) for 
some s,u E G be a sheet of spherical conjugacy classes in G. Then either u = I 
or S = G ■ su and, if S G ■ su, then S contains a semisimple and a unipotent 
element. 

Proof. By the classification of spherical conjugacy classes in [2, 4], if rv is spher¬ 
ical and V fl, then is semisimple. Therefore, either G-rn is a single sheet, or 
it lies in S' = J(s) , for some semisimple element s. In addition, if S' = J(s) 
is non-trivial, is a Levi subgroup, so S' contains a unipotent class by [7, The¬ 
orem 5.6(b)]. □ 

We can state the main result of this Section. 

Theorem 4.2 Let G be a simple algebraic group over k. 

1. All sheets of spherical conjugacy classes are smooth. 

2. Let S be a stratum of spherical conjugacy classes. Then S is smooth with 
the following exceptions: 
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• G is of type B 2 and S is the stratum containing the unipotent class 
with partition (3,1^), or, equivalently, G is of type G 2 and S is the 
stratum containing the unipotent class with partition (2^); 

• G is of type D 2 h+i and S is the stratum containing the unipotent class 
with partition (2^^, 1^). 

Proof. By Proposition 4.1 it is enough to look at sheets containing a semisimple, 
element whose connected centralizer os not semisimple. Their description follows 
from (2.1) and the classification in [2, 4]. For all root systems we will compute 
the set theoretical intersection of a sheet S with and we will use the following 
remark. 

Remark 4.3 The intersection of S S^g is reduced. This is proved through the 
following steps: 

1. S is reduced. 

2. The map G x {S^g n S') —)■ S' is smooth and surjective, which follows from 
[25, Proposition 2.3] and [13, III, Theorem 10.1 [. 

3. G X n S') is reduced; whichfollows from the previous facts using [12, 
exp. II, prop. 3.1 [. 

4. G X {Swg n S') is reduced implies that {S^g H S') is reduced. 

4.1 Type An 

Let us first consider H = GLn+i{k). In this case sheets and strata coincide, 
spherical sheets are parametrized by and they are as follows: 

Sm = Z{H)°Om u UA.AteA:*; C’m(A, /i), whcrc Ok is the unipotent class cor¬ 
responding to the partition (2™, i"^+i-2m) and OmA, p) is the semisimple class 
with eigenvalues A with multiplicity n + 1 — 2m and p with multiplicity 2m, the 

case m = 0 being trivial. The Weyl group element associated to Sm is wowu 

/ 0 0 Jm\ 

where n = {am+i, 0 'm+ 2 , • • •,We choose ws = ( 0 i„+i- 2 ^ 0 j 
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where is the m x m matrix with 1 on the antidiagonal and 0 elsewhere. Then 


nT"'s)V5 



f 

ai \ 

a2 \ 

> 

< 

^-^n+1 —2m 

Q-m 

,ai,b e k*; (i ^ k > 

< 

c\ 

1 

1 

“ 2 C 2 , 

aiCl / 

y 


A matrix in ws{Z{Lu) H T'^‘^)Vs lies in Sm if either all its eigenvalues are equal 
or else it has two eigenvalues and it is semisimple. This happens if and only if 

v*.i 

det ( , -2c.) = det ( -2c, ) ; '^'•3 

b‘^ T chid^ib T = 0, 


that is, if and only if there exist € 2 ,..., G {0,1} such that a* = e^ai, Q = e^Ci 
and Ci = —a'lb~^ — The set theoretic intersection Sm H is then a union 

of (m — 1) disjoint irreducible components each isomorphic to the image of the 
morphism 

f:k*xk* k* X k 

{a,b) ^ {a,b, + b). 

Being a graph, this intersection is smooth for every field k and every m. By 
Remark 4.3, this intersection coincides with the scheme theoretic one. 

Let us now consider G = SLn{k). Set theoretically, every sheet of spherical 
classes S is contained in the intersection of some Sm with G. If char(A;) = p does 
not divide n + 1, then S fl S^s is contained in the image through / of the disjoint 
smooth curves C±i of equation a 2 m^n-i-i- 2 m _ _ g gy Remark 4.3, this set 

theoretic inclusion is scheme theoretic hence S fl is smooth. 

Let us now assume that p\n + 1. Then, for every m coprime with p, the 
argument above applies. If, instead, p\m then we still have the set-theoretical 
inclusion S fl Syjg C f{Ci U C_i) but the curves C±i are not reduced. The reduced 
scheme of /(Ci U C_i) is smooth and the above argument applies. 


4.2 Type Bn 

Let G = S02n+i{k) with n > 2. The non-trivial sheets of spherical conjugacy 
classes are given by S and S', with 

S = (Ua^0,±iC^a) U 0(3,2) U G ■ PnU 
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where is the semisimple class with eigenvalues 1, A, A“^ with multiplicity 
l,n, n respectively; 0(3,2) is the unipotent conjugacy class corresponding to the 
partition (3, for n odd and (3, 1^) for n even; the element pn is the 

isolated diagonal matrix diag(l, —hn) and m is a representative of any unipotent 
conjugacy class in = S 02 nik) associated with the partition (2"^) when n is 
even, and 1^) when n is odd; and 

S' = (Ua^0,iOa,i) U 0(3,l2n-2), 

where Oa,i is the class of a semisimple matrix with eigenvalues 1, A, A“^ with 
multiplicity 2n — 1,1,1, respectively and 0(3 i 2 n- 2 ) is the unipotent conjugacy 
class with associated partition (3, 


We have S' fl S" = 0 unless n = 2, so the stratum containing S is not smooth 
for n = 2 whereas for n >3 the strata containing S and S' are smooth if and only 
if S and S' are so. 


/ (-1)" 0 0 A 

Let us analyze S. Here, ws = tuo- If we choose ws = { o o , then 

V 0 L 0 / 

Sws = wsT^'^U consists of matrices of the form 

/ (-1)" 0 

X = X{E,M,Q,v) = 0 0 

\ —EQv EQ EQM J 


where E G {±1}”, v =' {vi, ..., Vn) G k'', Q is a unipotent upper triangular 
matrix in GL^ik), and M = {—l/2)v h) + A, where A is skew-symmetric. 

Now, if X lies in S then there exists A G fc* such that rk(X — AJ) < n + 1. 
Assume first that X = X{E, M, Q, v) satisfies rk(X — AJ) < n + 1 for some 
A 7 ^ (—!)”• Then we have 


M - \Q-^E + X-^E'Q-^ + 


(-If 

(-I)*" - A 


vh) = 0. 


(4.2) 


Let 99 a, n := 2 (^(-i)n''L'A) • Taking symmetric and skew-symmetric parts in (4.2) we 
obtain the following equations: 

<px,nV^v = (1/2)(A - \-^){Q-^E + e'Q-^) (4.3) 

and 

A = (1/2)(A + \-^){Q-^E - e'Q-^). (4.4) 
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The diagonal terms in (4.2) give 


^\,neiVi = (A - A ^). (4.5) 

Hence, if in addition A 7 ^ (—then Civf = eivf for every i. We fix, for 
i = 1, ... ,n, elements Q & k such that Q = and we set a\ := (iVi, so 
Therefore, for every j > 1 there is rjj = ±1, with rji = 1, 
such that (jVj = rijax. Thus, we have 

A2-(2(-l)^-a^/2)A + l = 0 (4.6) 

which gives 

(A + A-') = (2(-l)"-a2/2). (4.7) 

Making use of (4.5) and (4.7), for 2 < i < j < n, the (i, j) entries of (4.3) 
and (4.4) give 


(Q = 2Q \jViVj, aij = (2(-l)” - al/2) Q \Vj- (4-8) 

So, for A 7 ^ ifcl and for every choice of rji, Q, the matrix Q is completely 
determined, the vector v depends linearly on a a and M depends on a\, giving a 
dense subset of a line. Conversely, if A 7 ^ ±1, the condition rk(X — AJ) < n + 1 
also implies that X is semisimple, and it ensures X E S. 

Let us now assume A = (—Then, (4.4) gives aij = 
for every i < j. X lies in S only if rk(X — (—1)’^+^)^ = 1. Looking at the 
( 2 , 2 )-block in this matrix we get Tk{X^~^E + EQ~^) < 1 , which yields 

iQ~% = 2C~\jViVj, and = 2(-l)’^+^C*"^C7^^*^i- 

Let N = {X — (—l)”+^)^diag(l, Q~^E, In). Every row in N must be a multiple 
of the first one, which is nonzero. Thus, every row in the block (2, 2) must be a 
multiple of the (1, 2)-block. This gives Civf = eivf 7 ^ 0 for every i > 0. We set 
a = Ci^i> so for every i > 2 we have Vi = aC~^rii. A direct computation shows 
that \)EQv = 0 and —EX^~^EQv = v. The condition that the principal minor 
of size 2 must be 0 gives = 8 (—1)"^, i.e., a satisfies condition (4.6) so (4.8) is 
verified also in this case. Thus, for the Jordan class J of diag(l, A/^, A“^Jn), the 
set-theoretical intersection J fl is a disjoint union of 2^”“^ copies of k*, given 
by the values of a\, one for each choice of each e/s and of the r]/s. 

Let us now consider A = (—1)”. Then X must satisfy the condition rk(X — 
(—1)") = n, which forces ax = 0. Moreover, X lies in S only if rk(X — (—1)”) = 
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1, which, combined with (4.4) gives the condition + EQ~^) < 1, which 

yields (4.8) with ax = 0. By the dimensional argument used in the proof of 
Lemma 3.3 for the G-conjugacy class of X shows that X E S. Hence the set 
theoretical intersection is a disjoint union of 2^”“^ copies of k. By Remark 

4.3, this is also the scheme theoretic intersection so S is smooth. 


Let us now consider S'. In this case ws' = S/jSi = WqWu for It = { 0 : 3 , 


and 13 = El + 82 the highest long root. We choose ws' 


10 0 

00 0 

0 0 In -2 

Oh 0 
.0 0 0 


0 

h 

0 

0 

0 



so 


ws'{Z{Lyi) n T^s’^Vs' 



/ 

1 

0 

0 

0 

a 

b 

0 

\ 

1 

0 

0 

0 

0 

€ 

0 

0 



0 

0 

1 

0 

—rjx 

V 

0 

) 


0 

0 

0 

cIn -2 

0 

0 

0 


) 


—e(a+bx) 

e 

ex 

0 

el 

em 

0 



V 

—r/b 

0 

V 

0 

rfm' 

-^r)b'^ 

0 

- 2 / 

1 

0 

0 

0 

0 

0 

0 

c~^ln 



a, b, X, k]c E k*, 

m' = —m — ab - ^rjb'^ 


Then an element X G wsi{Z{Lui)r]T''^^i)Vsi lies in S" if and only if r/c(X—/) = 
2: this is clear if the eigenvalues different from 1 are distinct. If the eigenvalues 
different from 1 are equal to — 1 , then this follows from the fact that the unipotent 
part must lie in the connected centralizer of the semisimple part. If the eigenvalues 
are all equal to 1, then there are only two unipotent classes for which rk(X — J) = 
2, namely the one associated with (2^, and C >(3 i 2 n- 3 ). By dimensional 

reason, the former does not intersect 5^/. 

Assume rk{X — I) = 2. For such an X we have 

c = l, a = b = 0, I = T]x‘^, m = —rfx. 


By Remark 4.3 the variety S' fl S^g, is isomorphic to a disjoint union of 4 affine 
lines, one for each value of rj and e. 


4.3 Type Cn 

Let us consider G = Sp 2 n{k) with n > 3. There are, up to a central element, two 
non-trivial sheets of spherical classes, ±Si and S 2 where 

-S'! = (Ua^^O ,±iG(a, 1)) U Cl(22^i2n-4) U G ■ Oa^xph) 

where G(a,i) is the semisimple class with eigenvalues A, A“^ and 1 , with multi¬ 
plicity 1 , 1 , 2 n — 2 respectively, C>( 22 ^i 2 n- 4 ) is the unipotent conjugacy class corre¬ 
sponding to the partition ( 2 ^, 1 ^”“"^), the element ai is the isolated diagonal matrix 
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diag(—1, /n-i, —1, In-i) and (3 = Si + € 2 ^^ the highest root; and 

S 2 = (Ua5>^o,±iOa) U ±C>(2") 

where Ox is the semisimple class with eigenvalues and 0 ( 2 ") is the unipotent 
conjugacy class corresponding to the partition ( 2 ”). 

Since n > 2, we always have S'! fi 5*2 = 5*2 fi (—S'!) = 0, hence the strata 
containing these sheets are smooth if and only if the sheets are so. 


The Weyl group element corresponding to Si is ws^ = for IIi = 

( I h 

{as, ..., an}, so Wsi = Sa^Sf^. We choose wsi = _j^ 

V In-2 


so 


wsr{Z{LuJ nT^^i)Vs^ 

€ 0 

-iv V 

^^n — 2 

-e -e^ -e{x+^y) -e{y+iz) 

0 —Tf —rjy —r)z 


= 


e,r]=±l 


,b e k*;x,y,z,^ E k 


^-^I-a-2 / 


Then X E ws^{Z{Lui) lies in Si if and only if rk{X — /) = 2, which 

holds if and only if 


6=1, x = - 2 e, ,y = v^, z = - 2 y 

By Remark 4.3 the variety Si n is isomorphic to a disjoint union of affine 
lines. 

The Weyl group element corresponding to S 2 is wq and we choose the rep¬ 
resentative Wo = ( '^0 ). Then the matrices in wqT^°Vs 2 are all matrices of 

the form x{E, V,X) = { _%y ^'evx)^ where E = diag(ei, ..., e^), e* = ±1 for 
every f, 1^ is an upper triangular unipotent matrix, and X is a symmetric matrix. 

If x{E, V, X) lies in S 2 , then there is a A E k* for which rk(x(E, V, X) — 
\I) = n. This forces AX + \^{V~^E) +^{V~^E) = 0. If A^ 7 ^ 1 this can happen 
only if = / and X = -(A + \-^)E and x{E, V, -(A + A-^)E) E Ox. If 
instead A^ = 1, then x{E,V,X) lies in S 2 only if {x{E,V,X) — A/)^ = 0. A 
direct computation shows that this is possible only ifV = /, so X = —2\~^E = 
— {\ + X~^)E. If this is the case, —2A“^i?) E AC>( 2 "). Therefore, set 

theoretically, S 2 n is a disjoint union of affine lines with coordinate A + A“^. 
We apply Remark 4.3. 
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4.4 Type Dn 


Let G = S02n{k), for n > 4. It is convenient to separate the cases of n even and 
odd. 


4.4.1 Dn for n even 

Let n = 2h. Let 6* be a non-trivial graph automorphism of G. The only non-trivial 
sheets of spherical conjugacy classes are given by S, 9{S) and S' as follows: 

S = Ua5^o,±i ^ ” A“^/ ±0(2") 


and 


e{s) 



U ±0(2^) 


where 0„ and O'^ are the two distinct unipotent conjugacy class corresponding to 
the partition (2”) and 


S' = (Ua^ 0 ,iOa,i) U 0(3^i2„-3) 

where Oa,i is the class of a semisimple matrix with eigenvalues 1, A, A“^ with 
multiplicity 2 n — 2 , 1 , 1 , respectively and 0(3 i 2 n- 3 ) is the unipotent conjugacy 
class with associated partition (3, 

The intersection of any pair of distinct sheets is trivial, and the stratum is 
smooth if and only if the sheets it contains are so. 

It is enough to deal with S and S'. 

For the sheet S we have ws = = woWn for 11 = 

{tti, tts,..., ttn-i}. In this case 7 ^ ws- We choose the representative 

= (L 0 ) where L = diag( J, J,..., J) and J = ( _°i J). 

Then,fori = 1, ...,/i and e* = ±1, ±s'(Z(Ln) is the disjointunion 

of the sets of matrices of the form x{E, D) = {%£>) with Xj G /c for i = 1,..., /i 
and 

E = diag(Ei, ...,Eh), Ei = { . "j ) , D = diag(-eia;iJ 2 ,..., -etXhh)- 

Then x{E., D) lies in S only if there exists X G k* such that Tk{x{E, D) — XI) = 
n. This is possible only if D = (A + A“^)/. Conversely, if this is the case, a 
direct verification shows that x{E, D) is either semisimple with eigenvalues A^^ 
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or unipotent up to a sign. In addition, as tU 6 »(s) 7 ^ ws have the same length, and 
we(^s) is maximal among the elements t e W sueh that 9{S) fi BtB ^ 0, we 
see that O fl BwsB = 0 for every O C 9{S). Thus, any x{E,D) satisfying 
Tk{x{E, D) — \I) = n lies in S. So, set theoretieally, S fl is a disjoint union 
of 2^ affine lines. We eonelude as in the previous eases. 

For the sheet S' we have ws' = S/jSi = woWu for 11 = { 0 : 3 ,..., and 


I3 = El + 62 the highest root. We ehoose ws' 



so 


ws'{Z{Lu) 


( 

/O 

0 

0 

e 

0 

0 

\ 


f 0 

1 

0 

— TjX 

V 

0 

] 1 

0 

0 

c/n -2 

0 

0 

0 



e 

tx 

0 

el 

em 

0 


' 

0 

V 

0 

r)—m 

0 

0 

-2 / 

1 

Vo 

0 

0 

0 

0 



,x,l,m,E k-,c^ k*, 


If X G ws'{Z{Lyii) n T^s’^Vs' lies in S' then rk{X — I) = 2. All elements 
satisfying this eondition lie in S'. Indeed, the eentralizer of the representatives 
of the elasses in S' in 02 nik) is not eontained in S 02 nik) so elements that are 
GL 2 „(/i;)-conjugate, are also S' 02 n(/i^)-conjugate. Therefore, the argument used 
for the sheet S' in type applies. For sueh an X we have 


c = 1, I = rjx'^, m = —Tjx. 


Henee the variety S' fl S^g, is isomorphie to a disjoint union of 4 affine lines. 


4.4.2 Dn for n odd 

Let n = 2h + 1. The only non-trivial sheets of spherieal eonjugaey elasses are R, 
9{R) and S' as follows: 

R = Ua^o,±i ^ =hG^(2"-i,i2); 

where 0 ( 2 "-i,i 2 ) is the unique unipotent eonjugaey elass eorresponding to the par¬ 
tition 1 ^); and S' is the same as for n even and ean be dealt with in the same 
way. 

The sheet S' does not interseet R nor 9{R). On the other hand, R and 9{R) 
interseet in ±C>( 2 "-i,i 2 ), henee the stratum eontaining them is not smooth. 
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Let us deal with R. The Weyl group element associated with it is wr = 

Se^+e2Se3+eA ' ' ' Sen-2+en-i = for 11 = {oi, Qig, . . . , an-2}- fo this CaSC 

OivjR} = wr. Let us consider the injective morphism i\ S 02 h{k) SOn{k) 

/ A B \ 

given {c d) \ D )• Then, for wr as for n = 2 h, we choose wr := 
^(^5) and we get Vr = i{Vs). 

Thus, fori = 1 , ... ,h and e* = ± 1 , wr{Z{Lii) fl T'“^)Vr is the disjoint 

/ 0 E \ 

union of the sets of matrices of the form x{E, D,() = i d j with Xi ^ k 

for i = 1,... ,h, ( E k* and E, D as for n = 2h. A matrix x{E, D, () lies in 
S only if there exists \ E k* such that rk{x{E, D) — \I) < n. This is possible 
only if D = (A + A“^)/ and ( = A^^ Conversely, if this is the case, a direct 
verification, making use of the computations for n = 2h and the sheet S, shows 
that x{E, (A + A“^) J, () lies in i? if ^ = A and it lies in 9{R) otherwise. Thus, set 
theoretically, R fl S^jj^ is a disjoint union of 2^ affine lines. We conclude as in the 
previous cases. 

4.5 Exceptional groups 

There are no non-trivial sheets of spherical conjugacy classes in types Es, T4, 
and G2, so strata of spherical conjugacy classes consists of finitely many classes, 
hence they are smooth. Let us analyze the cases for G of type E^ or E^. 

Eq Let cu G /c be a primitive fourth root of 1 and let C be a primitive third root 
off. Fora E /c*, let p2,a = hi{a^)h2{a^)hs{a‘^)h4{aP)h^{a^)hQ{a‘^) and 
let O2A1 be the unipotent conjugacy class in G of type 2 Ai. Then the only 
non-trivial sheet containing spherical classes is 

^ = (CaGfc, a^^O, iG ■ P2,a) U {iJzeZiG)ZC)2Ai) ■ 

By [ 4 , Theorem 3 . 6 ], if a 7^ & then p2,a is not conjugate to p2,6- 

In this case, wr = w^wu for It = {0:3, 0:4, 0:5}, so wr = where 

(5 = ai + 2 a 2 + 20:3 + 80:4 + 20:5 -f- is the highest root and 7 = ai + 
0:3 + 0:4 + 0:5 + ae is the highest root in $ fl /S-*- = $ fl {ai, 0:3, 0:4, 0:5, a^}. 

We compute the set theoretical intersection S fl 5 ^^ by detecting O fl 
for each orbit in S. 

Let us use a parametrization a;±a (0 of tho root subgroups for a E 
{/ 9 , 7 } and ^ E k, satisfying a;Q,(l)a;_Q,(—l)a;Q,(l) = Ua, with Ua com- 
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muting with roots subgroups associated with roots in ±11. We choose 

■= npn^. 

We first consider Oa = G ■ p 2 ,a for ^ 0,1. Since I3{p2,a) = liP 2 ,a) = a-^ 
we have, for x = , : 

’ a —1 

X-i3{x)X-^{x)p2,aX-^{-x)X-i3{-x) = X-p{-l)X-^{-l)p2,a 

and 

2:a := a;^(l)a;/3(l)a;_y3(-l)a;_^(-l)p2,aa:/3(-l)a;^(-l) 

= wsP 2 ,aX^{-a~^ - l)x^{-a~^ - 1) e wsTU^^ n Oa- 

For a e /c* let 6, c G /c satify 6"^ = = a^. 

Conjugation of Za by h 0 {b)h^{c) gives: 

l/a,62,c2 := hp{h)h^{c)zah^{c)-^hp{h)-^ = 
w shi{a? {hc)~‘^)h:i{ac~‘^)h 4 ^{c%~‘^)h^{a^ c~‘^)hQ{alP‘ c~‘^)- 
X 0 {-b‘^{a~^ + l))x^{-c^{a~^ + 1 )) G C>a fl 

which depends on a, 6^, c^, for = ±6^. Since Oa H is a single F^^- 
orbit and F^^ = (hp{u:), h^{u:)), we have 



n Sa,g 



We analyze now the orbits in Z{G)02Ai- We recall that Z{G) = {p 2 ,c)- 
A representative of C> 2 Ai is m = x_js{—l)x_^{—l), so for 0 < / < 2, the 
element 


yi := x^{l)xy{l)p2^i^iuxy{-l)x^{-l) = wsP2,(iXy{-2)x^{-2) 

lies in P 2 ,c'^ 2 Ai H S^jg. All other elements in this set are obtained by F^^- 
conjugation: 

yc‘,i,j ■= hp{u^)h^{uj^)yih^{uj-^)hp{uj-^) 

xp{- 2 {-iy)x,{- 2 {-iy) 

hence 


U 

2gz(g) 


n Swg — 


ya,d,€d 


a 3 =l; l=d2 
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By Remark 4.3 S' fl 5^ is the union of two disjoint irredueible components, 
each isomorphic to the image of the curve = y^, for x, r/ 7 ^ 0, through 
the morphism (x, y) {x~^,xy~^, x^y~^-, x, y{x~^ + 1 )). 

Ey Fora G k*,let = hi{a?)h 2 {a?)h 2 ,{a^)h 4 {a^)h^{a^)hQ{a^)hY{a^) and let 

ca be a fourth primitive root of 1. Let O’iA'' be the unipotent conjugacy class 
in G of type 3A'(. Then 

s = (UaeC, a^0,±lG ■ qs^a) U {Uz£ZiG)XC3A'{) 

is the only non-trivial sheet containing spherical classes. Here, ws = wqWu 
for n = {a2, as, 0:4, 0:5} so Wg = sys^sr for {3 = 2 ai + 2 a 2 + 80:3 + 4q;4 + 

80:5 + 2 a6 + 0:7 the highest root and 7 = ^2 + «3 + 20:4 + 205 + 2 a6 + 07 
the highest root in $ n /S-*-. We choose ws '■= nyn^na^ and we will argue 
as we did for E^. 

Let us first consider Oa = G ■ qs,a for 7 ^ 0,1. Since (3{qs,a) = 7 (Q' 3 ,a) = 
a(? 3 ,a) = we have, for x = 71 ^: 

X_y{x)x_^{x)x_c,7{x)qs,aX-aA-^)X-^{-x)x_fi{-x) 

= X_ii{-l)x_^{-l)x_c.^{-l-)qs,a 

and 

:= X^{l)xp{l)Xc,j{l)x_y{-l)x_^{-l)x_o,-r{-l-)qSAXaA-'^)Xfi{-^)x-t{-^) 

= Wsq3,a^y{-a~‘^ - - l)xar(-a~^ - 1) e wsTU^^ n 

For a G k*, let b,c,dek satify = a?. 

Conjugation of Za by his{h)h^{c)ha.j{d) gives: 

ya,b^,c^,cP • ^/ 3 (^)^7(0)/Tay(*^) h^{c) hy(J)j 

= wsh2{ac~‘^)hs{a?h~‘^c~‘^)hY,{ab~‘^)hY{a%~‘^c~‘^d~‘^)- 
Xy{-d{a~'^ + l))a;^(-c^(a“^ + l))xa^{-d3{a~‘^ + 1)) G C>a H S^g- 

which depends on a, b"^, d, d?, for d = ± 6 ^ = Ed? = ±a. As all elements 
in form a single orbit for the group = {hp{uj), h^{x}), ha^{uj)), 

we have 



n Swg 


u 

e,ri,e=±l 
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and, for 6^ = ea, = rja, (f = 9a we have 

Va^ea^'qa^Oa = wsh2{'q)h^{eif])h^{e)hi{erie)- 
Xj 3 {—e{a~^ + a))x^{—rj{a~^ + a))xaj{—0{a~^ + a)). 

Let us now consider the orbits in Z{G) 0^a'{ ■ We recall that Z{G) = ( 52,-1 ) • 
The class C> 3 ^j is represented hy u = l)a;_,y(—l)a;_Q, 7 (—1), so, for 

.^ = ±1, the element 

:= x^{l)xp{l)xa^{l)q‘i,^uxaj{-l)xp{-l)x^{-l) 

= Wsq2,iiXfi{-2)x^{-2)xaj{-2) G 53,€^> 3 ^'/ 

All other elements in this set are obtained by T^g-conjugation: 

= %A2«(-l)>)ft3((-l)'+')ft5K(-l)‘)ft7K(-l)‘+^+')- . 
i4-2(-l)-)i,(-2(-iy)i„(-2(-l)‘) 

We conclude that 


^ n 5^^ = u u Va ,ea,77a,0a I 5 

e,77,0=dil J 

which, by Remark 4.3 is isomorphic to a disjoint union of 8 copies of an 
affine line, with coordinate ring k[a + a“^]. 
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